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Abstract
Using the techniques developed by Lunin and Maldacena we calaculate the
supergravity solutions of membranes and fivebranes in the presence of a back-
ground C field. All the distinct possible C-field configurations are explored.
Decoupling limits for these branes are then described that preserve the defor-
mation leading to families of M-theory brane deformation duals. The decoupled
geometry is then explored using probe brane techniques and brane thermody-
namics.
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1 Introduction
Over the past few years there has been a renewed interest in the various deforma-
tions of the field theories that arise on brane world volumes. For the D3 brane, the
undeformed world volume theory is N = 4 Yang-Mills. Its deformations include:
noncommutative Yang-Mills where the Neveu-Shwarz two form is present along the
brane world volume [1–5]; the so called dipole theory where the Neveu-Schwarz two
form is present with one leg along the brane world volume and one off it [6–10]; and
finally the N = 1 β-deformed Yang-Mills theory where the Neveu Schwarz two form is
present entirely off the brane world volume [11]. Often these deformed theories have
interesting properties such as the S-duality properties of the marginally deformed
N = 4 theory [12]. Other recent developments have been with so called puff field
theories [13].
Many of the generalisations to M-theory have already been explored though of-
course even the undeformed case is somewhat of a mystery for more than one conin-
cident brane. The cases that have been examined already are where the three form
C-field is present with all legs along the five-brane world volume [14,15] and the gen-
erlisation of the dipole theory the so called discpole theory, [8, 16]. In this paper we
systematically go through all the distinct deformations for both the membrane and
the five-brane with the background C-field in all the possible configurations with legs
on and off the brane world volume. (This will, of course, recover some of the already
known solutions). Essentially this will be a systematic application of the method of
Lunin and Maldacena [11] to give all C-field deformations of M-theory brane geome-
tries.
With these geometries at hand we desribe various decouping limits (where the
deformation is preserved in the limit). We then explore these decoupled geometries,
which will be the supergravity duals of a deformed M-theory brane world volume
theory. Through use of probe brane techniques and an analysis of the thermodynamic
properties we will attempt to learn about these dual world volume theories.
Part of the motivation will also be to explore the solution generating method and
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decoupling proceedures themselves. In particular, we will see how the solution gener-
ating technique and thus the deformations of the dual theory and the decoupling limit
commute. We will also see how different embedding choices of the the solution gener-
ating proceedure become relevant. Finally, we will also see through thermodynamic
calculations that some of the deformations will leave the entropy invariant. This is a
surprise given that in the dual theory the deformation will alter the interactions.
Overall the calculations presented here are a laboratory to study how decoupling
limits and deformations of branes in M-theory work along with the different aspects
of hidden symmetries in string and M-theory.
There has also been the study of the dipole deformations of Yang-Mills theory [17]
motivated by the idea that the deformation may provide an additional scale through
which additional decouplings may take place. The M-theory analogue of this would
also be interesting to explore expecially in the context of G2 compactification [18].
2 Deformation method
This is a brief review of a technique, which can be used to construct solutions to
eleven dimensional supergravity with the C-field switched on. Essentially, it is the
method, described by Lunin and Maldacena [11]. The origins of the method date back
to the use of T-duality (perhaps combined with Lorentz transformations) as a solution
generating symmetry [19]. The starting point is an eleven dimensional background
in which there are at least three U(1) isometries. These isometries will form a three
torus. The metric and the potential may then be placed in the following adapted
form:
ds2 = ∆1/3MabDϕaDϕb +∆−1/6gµνdxµdxν (1)
C(3) =
1
2
(CaµνDϕa ∧ dxµ ∧ dxν + CabνDϕa ∧ Dϕb ∧ dxν)
+
1
6
(Cµνλdx
µ ∧ dxν ∧ dxλ + CabcDϕa ∧ Dϕb ∧ Dϕc) (2)
Dϕa ≡ dϕa +Aaµdxµ (3)
2
where a, b, c label the directions of the T 3 and µ, ν, λ · · · are for the remaining coor-
dinates. The determinant of M is one and so
√
∆ is the volume of the three-torus.
Performing an S1 reduction along one of the U(1)’s (for illustrative purposes we here
choose ϕ3) produces a type IIA solution.
MabDϕaDϕb = e−2φ/3hmnDϕmDϕn + e4φ/3(Dϕ3 +NmDϕm)2 (4)
where m and n run over the remaining U(1)’s of the T 3 and h, like M , has unit
determinant. Then a T-Duality is performed on another of the T 3 cycles (ϕ1 in what
follows) and a toroidally compactified IIB solution is produced with {ϕ1, ϕ2} as the
coordinates of the two torus. The IIB solution is writen in terms of the original eleven
dimensional fields as follows, with IIB fields on the left and eleven dimensional fields
on the right:
ds2 =
1
h11
[ 1√
∆
(Dϕ1 − CDϕ2)2 +
√
∆(Dϕ2)2
]
+ e2φ/3gµνdx
µdxν (5)
B(2) =
h12
h11
Dϕ1 ∧Dϕ2 − C32µDϕ2 ∧ dxµ +Dϕ1 ∧ A1 − 1
2
C3µνdx
µ ∧ dxν
+C31µdx
µ ∧A1 (6)
e2Φ =
e2φ
h11
, C(0) = N1
C(2) = −(N2 − h12
h11
N1)Dϕ
1 ∧Dϕ2 − C12µDϕ2 ∧ dxµ −Dϕ1 ∧ A3
−1
2
C1µνdx
µ ∧ dxν + C31µdxµ ∧A3 (7)
C(4) = −
(1
2
[C2µν + 2C32µA3 − h12
h11
(C1µν + 2C31µA3)]Dϕ2 ∧ dxµ ∧ dxν
+
1
6
(Cµνλ + 3C3µνA3)dxµ ∧ dxν ∧ dxλ
)
∧Dϕ1
+dµ1µ2µ3µ4dx
µ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4
+dˆµ1µ2µ3dx
µ1 ∧ dxµ2 ∧ dxµ3 ∧Dϕ2 . (8)
Dϕ1 = dϕ1 − C31µdxµ, and Dϕ2 = dϕ2 + A2µdxµ. C is the component C123 on the
T 3. The last two terms in the Ramond-Ramond four-form can be determined using
self-duality of the five-form field strength in ten dimensions. This reduction has an
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SL(2,R)×SL(2,R) symmetry which provide a means by which supergravity solutions
can be generated. The specific solution generating transformation described in [11]
involves a T-Duality, a coordinate transformation and then another T-Duality. It is
realised through the use of one of the SL(2,R) symmetries to produce a rotation in
the ϕ1 − ϕ2 plane. The particular element of SL(2,R) is chosen in such a way that
the regularity of the solution is preserved so no new singular points are generated.
In this way the symmetries of the eight dimensional theory are exploited to generate
new solutions of the eleven dimensional supergravity. The SL(2,R) element used to
produce the rotation is (
ϕ1
ϕ2
)
−→
(
1 0
γ 1
)(
ϕ1
ϕ2
)
.
Putting this rotation into effect in the toroidally compactified IIB theory allows an
alternative interpretation of this rotation as shifts in the fields of 11 dimensional
supergravity. Solutions obtained in this manner will be referred to as γ-deformed. It
can be seen from the IIB metric that the effect of this rotation in the ϕ1−ϕ2 plane is
equivalently realised by making the following shifts in the eleven dimensional theory
∆γ =
∆
[(1− γC)2 + γ2∆]2 (9)
Cγ =
C(1− γC)− γ∆
[(1− γC)2 + γ2∆] . (10)
This analysis is considerably simplified for the branes in M-theory, which we will be
discussing because for every choice of the T 3 used to generate the new solution, C
may be set to zero in the original solution3. For some simple cases, (9) and (10)
are the only changes required to prodce the new solution. There are, however, extra
terms arising when, for example, the T 3 is completely in the space perpendicular to
the membrane world volume.
3It is not that the C-field vanishes for these solutions just that the C field on the solution generating
torus will vanish.
4
3 The membrane
We begin with the membrane. The undeformed solution is given by:
ds2 = H−2/3(−dt2 + dρ2 + ρ2dϕ24) +H1/3(dr2 + r2dΩ27) (11)
F
(4)
0 = ρ∂rH
−1dr ∧ dt ∧ dρ ∧ dϕ4 , (12)
with
H = 1 +
25π2Nl6p
r6
. (13)
We use the same coordinate system as Lunin and Maldacena to maintain contact with
their work4. The volume element for the unit seven sphere is given by
dΩ27 = dθ
2 + s2θ(dα
2 + s2αdβ
2) + c2θdφ
2
1
+ s2θ(c
2
αdφ
2
2 + s
2
α(c
2
βdφ
2
3 + s
2
βdφ
2
4))) . (14)
One may then introduce the following coordinates [11]:
φ1 = ψ + ϕ3
φ2 = ψ − ϕ3 − ϕ2
φ3 = ψ + ϕ2 − ϕ1
φ4 = ψ + ϕ1 .
The background, adapted to begin the deformation process described above, is:
ds20 = H
−2/3
(
− dt2 + dρ2 + ρ2dϕ24
)
+ H1/3
(
dr2 + r2
(
dθ2 + s2θ(dα
2 + s2αdβ
2) + dψ2 + s2θs
2
αdϕ
2
1
+2s2αs
2
θ(s
2
β − c2β)dψdϕ1 + s2θ(s2αc2β + c2α)dϕ22
+2s2θ(s
2
αc
2
β − c2α)dψdϕ2 − 2c2βs2θs2αdϕ1dϕ2
+(c2θ + s
2
θc
2
α)dϕ
2
3 + 2(c
2
θ − s2θc2α)dψdϕ3 + 2s2θc2αdϕ2dϕ3
))
(15)
F
(4)
0 = ρ (∂rH
−1) dr ∧ dt ∧ dρ ∧ dϕ4 . (16)
4cθ = cos(θ), sθ = sin(θ)
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There are two types of deformation to be considered for the membrane. The choice
depends on whether we wish to turn the C-field on completely off the brane or with a
single leg along the brane. In the former set-up the T 3 used for the solution generating
transfromation will be transverse to the brane and in the latter, two of the directions
of the torus will be transverse and one will be longitudinal to the brane. There are
four cases, which exhaust every possibile choice for both types of deformation. These
four choices of T 3 are given by:
{ϕ1, ϕ2, ϕ3} or {ϕ4, ϕi, ϕj} with i, j = 1, 2, 3 .
Once the T 3 has been fixed, the particular choice of S1 reduction direction and T-
duality direction are irrelevant in the eleven dimensional theory. However, the different
embeddings of the specific T 3’s chosen will be shown to result in different solutions.
3.1 Deformation for T 3 on {ϕ1, ϕ2, ϕ3}
The deformed M2 using T 3 given by {ϕ1, ϕ2, ϕ3} is
ds2 = (1 + γ2∆123)
1/3
{
H−2/3
(
− dt2 + dρ2 + ρ2dϕ24
)
+H1/3
(
dr2 + r2
(
dθ2 + s2θ(dα
2 + s2αdβ
2
))}
+
H1/3r2
(1 + γ2∆123)2/3
{
s2θs
2
αdϕ
2
1 + s
2
θ(s
2
αc
2
β + c
2
α)dϕ
2
2
+(c2θ + s
2
θc
2
α)dϕ
2
3 − 2c2βs2θs2αdϕ1dϕ2
+2s2θc
2
αdϕ2dϕ3 + 2s
2
αs
2
θ(s
2
β − c2β)dψdϕ1
+2s2θ(s
2
αc
2
β − c2α)dψdϕ2 + 2(c2θ − s2θc2α)dψdϕ3
}
+
H1/3r2
(1 + γ2∆123)2/3
{(
1 + γ2∆123f1(α, β, θ)
)
dψ2
}
(17)
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where5 the volume of the three-torus is
∆123 = Hr
6s2αs
4
θ(c
2
βc
2
θs
2
αs
2
β + c
2
α(c
2
θ + c
2
βs
2
αs
2
βs
2
θ))
= Hr6∆′123(α, β, θ) (19)
There are two new contributions to the field strength. The first is the result of
the three form potential components turned on along the T 3 during the deformation
process. This can be seen by looking at the effect of an SL(2,R) rotation on the T 2
part of the IIB metric. Re-interpreting this transformation on the coordinates as a
shift in the fields of eleven dimensional supergravity gives
C(γ)ϕ1ϕ2ϕ3 =
−γ∆
1 + γ2∆
(20)
The second of the new contributions to the γ-deformed field strength originates with
the non-zero Ctρϕ4 . This enters the IIB theory through the Ramond-Ramond four
form. Specifically for this T 3 reduction, the RR field in the T 2 reduced IIB theory is
C
(4)
0 = −
1
6
Cµνλdx
µ ∧ dxν ∧ dxλ ∧Dϕ1 + dµ1µ2µ3µ4dxµ1 ∧ dxµ2 ∧ dxµ3 ∧ dxµ4
+dˆµ1µ2µ3dx
µ1 ∧ dxµ2 ∧ dxµ3 ∧Dϕ2 (21)
Using the self-duality of the associated five-form field strength and the isometries in
the ϕi directions implies that
dµ1µ2µ3µ4 = 0 . (22)
The SL(2,R) action produces a new RR four-form
C(4)γ = C
(4)
0 + γ dˆµ1µ2µ3dx
µ1 ∧ dxµ2 ∧ dxµ3 ∧Dϕ1 (23)
5
f1(α, β, θ) =
64× 256 ∆′123 s22αs22βs22θ
s2αs
4
θ f2(α, β, θ)
f2(α, β, θ) = 66− 2c4β − 3c4β−2θ − 4c4(β−θ) + 16c2α(7 + c4β)c2θ + 70c2θ
+8c4θ − 4c4(β+θ) − 3c2(2β+θ) + 8c4α(7 + 8c2θ)s22βs2θ (18)
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Re-interpreting the SL(2,R) transformation as a shift in the fields of eleven dimen-
sional supergravity leads to the second new contribution to the eleven dimensional
four-form
1
6
Cµνλdx
µ ∧ dxν ∧ dxλ → 1
6
Cµνλdx
µ ∧ dxν ∧ dxλ − γ dˆµ1µ2µ3dxµ1 ∧ dxµ2 ∧ dxµ3 . (24)
The field strength for the deformed background is
F (4)γ = F
(4)
0 − ∂κ
[ γ∆123
1 + γ2∆123
]
dκ ∧ dϕ1 ∧ dϕ2 ∧ dϕ3 + γ
√
∆123 ⋆8 F
(4)
0 (25)
where κ ∈ {r, α, β, θ}. The deformed solution, ds2(γ) is related to the undeformed
solution, ds20 by
ds2γ =
1
(1 + γ2∆)2/3
{
ds20 + γ
2∆
(
dx2|| +H
1/3
4∑
i=1
dµ2i + r
2f1dψ
2
)}
(26)
where dx2|| is the metric on the membrane world volume
dx2|| = H
−2/3
(
− dt2 + dρ2 + ρ2dϕ24
)
(27)
with the µi coordinates, related to the chosen coordinate system by
4∑
i=1
dµ2i = dr
2 + r2
(
dθ2 + s2θ(dα
2 + s2αdβ
2)
)
. (28)
This shows, in an intuitive way, the effect of an SL(2,R) rotation in this T 2 reduced
IIB theory on the eleven dimensional geometry. For this specific deformation pro-
cedure, this is the only M-theory analogue of the β-deformation studied for the D3
Brane and it’s world volume theory. In that case the deformation effect in the gauge
theory was implemented using a modified product for the Chiral Superfields. This is
similar to the way in which a Non-Commutative theory can be obtained from a Com-
mutative one after replacing the regular product with the Moyle product. However for
the β-deformed D3/N = 4 system, the modified product produces an effect within the
Chiral Superpotential alone. There appear multiplicative pure phase factors, which
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are determined by the charges of the gauge theory fields under the globally symmet-
ric field theoretic realisation of the bulk spacetime torus. While the β-deformation
preserved the conformal nature of the world volume theory, the Supersymmetry was
broken down to N = 1. We investigate the effect of different T 3 embeddings on the
Supersymmetry and thermodynamics in the M-theory set-ups.
For the membrane, a useful intrepretation is to view the field theory dual as the
infrared (or equivalently strong coupling) limit of D=2+1 Yang-Mills theory. The γ
deformation will then be the analogue of the β deformation for the strongly coupled
three dimensional theory. Deformations of 2+1 dimensional strongly coupled theories
may have some condensed matter applications, see [20] for recent uses of holography
to condensed matter systems.
3.2 Membrane analogue of Dipole deformations
For the second type of deformation of the membrane, the T 3 is chosen with one U(1)
on the brane world volume and two in the transverse space. For all possible choices
within this class of deformation the IIB theory has Ramond-Ramond four form
C(4) = 0 .
The only new contribution to the eleven dimensional field strength comes from the
potential turned on along the T 3. While there are other fields in the IIB theory, which
contain non-vanishing components of C(3), these can never generate new eleven di-
mensional fields because they enter as T 2 zero-forms and two-forms only. The wedge
product ensures that no new terms can be generated under the action of SL(2,R) on
the T 2 coordinates. Choosing to wrap the membrane on the S1 producing a funda-
mental string in IIA appears to result in the generation of novel new contributions.
However, the lack of the existence of a non-vanishing connection one-form for this
choice of U(1) results in this term always vanishing. Thus, all possible different IIB
solutions originating from different choices of reduction and T-Duality angles are lifted
to exactly the same solution in M-Theory. The deformed solutions are presented here
in a form showing their relation to the undeformed membrane. The full solutions
9
can be found in Appendix A. In general, a deformation of this type on {ϕ4, ϕi, ϕj}
produces a solution of the form
ds2γ =
1
(1 + γ2∆4ij)2/3
{
ds20 + γ
2∆4ij
(
H−2/3(−dt2 + dρ2)
+H1/3
( 4∑
i=1
dµ2i + r
2(F1 dψ2 + F2 dϕ2k + F3 dψdϕk)
))}
(29)
F (4)γ = F
(4)
0 − γ ∂κ
{ ∆4ij
1 + γ2∆4ij
}
dxκ ∧ dϕ4 ∧ dϕi ∧ dϕj (30)
where ϕk labels the remaining U(1) of the T
3, κ ∈ {ρ, r, α, β, θ} and F1,F2,F3 are
functions of α, β, θ only, depend on the specific T 3 chosen and are presented in Ap-
pendix A. For each choice however, the function ∆4ij has the same r dependence
(allowing analysis of the decoupling limits to be carried out in parallel) but different
angular dependence. This has consequences concerning the supersymmetry of the
deformed solution. The functions ∆4ij are given by:
∆412 = ρ
2r4s4θs
2
α
[
s2αc
2
β + c
2
α − c4βs2α
]
, (31)
∆413 = ρ
2r4s2θs
2
α
[
c2θ + c
2
αs
2
θ
]
, (32)
∆423 = ρ
2r4s2θ
[
s2αc
2
β(c
2
θ + s
2
θc
2
α) + c
2
αc
2
θ
]
. (33)
4 The five-brane
The undeformed five-brane solution is given by:
ds2 = H−1/3
(
− dt2 +
5∑
i=1
dx2i
)
+H2/3
10∑
i=6
dx2i (34)
F (4) =
1
4!
H2/3ǫi1i2i3i4i5 ∂
i5H(x6, · · · , x10)dxi1 ∧ dxi2 ∧ dxi3 ∧ dxi4 . (35)
In what follows we will Wick rotate to time on the five-brane world volume so that
we may apply the usual solution generating technique. We will then Wick rotate back
at the end to give a good solution. This is similar to the proceedure that was used to
find the supergravity duals to the noncommutative open string. The isometry group
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on the M5 world volume after Wick rotation is SO(6). In the space orthogonal to the
brane we have SU(2) × SU(2) ≈ SO(4) ⊂ SO(5) symmetry which may be used to
identify two U(1) isometries.
x6 = r1cos θ1, x7 = r1sin θ1, x8 = r2cos θ2, x9 = r2sin θ2 (36)
with
x10 =
√
r2 − r21 − r22 . (37)
The rescaling,
r˜1 =
r1
r
, r˜2 =
r2
r
(38)
is then performed to ensure that r is the only “radial” type coordinate. The ap-
pearence of additional coordinate singularities at
r˜1
2 + r˜2
2 = 1 (39)
is actually the single point
x10 = 0 (40)
and is the consequence of the lack of a globally well defined cover of the sphere. This
is a coordinate singularity and hence bengin. The M5 solution after Wick rotation is
then
ds2 = H−1/3
3∑
i=1
(
dµ2i + µ
2
idφ
2
i
)
+H2/3
{
dr2 + r2
(
r˜21dθ
2
1 + r˜
2
2dθ
2
2 +
(1− r˜22)
(1− r˜21 − r˜22)
dr˜21 +
(1− r˜21)
(1− r˜21 − r˜22)
dr˜22 +
2r˜1r˜2
(1− r˜21 − r˜22)
dr˜1dr˜2
}
(41)
F
(4)
0 = r˜1r˜2r
4(∂rH)dr˜1 ∧ dθ1 ∧ dr˜2 ∧ dθ2 (42)
with the harmonic function
H =
(
1 +
Nπl3p
r3
)
. (43)
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We now use the Lunin/Maldacena parameterisation again for the S5 and get
ds2 = H−1/3
{
dρ2 + ρ2
(
dα2 + s2αdβ
2 + dψ2 + s2αdϕ
2
1
+(c2α + s
2
αc
2
β)dϕ
2
2 + 2s
2
α(c
2
β − s2β)dψdϕ1
+2(s2αc
2
β − c2α)dψdϕ2 + 2s2αc2βdϕ1dϕ2
)}
+ H2/3
{
dr2 + r2
(
r˜21dθ
2
1 + r˜
2
2dθ
2
2 +
(1− r˜22)
(1− r˜21 − r˜22)
dr˜21
+
(1− r˜12)
(1− r˜21 − r˜22)
dr˜22 +
2r˜1r˜2
(1− r˜21 − r˜22)
dr˜1dr˜2
)}
(44)
At the level of the type IIB theory, choice of S1-reduction and T-duality directions
appear to produce different solutions. The eleven dimensional lift of these solutions
however produce the same solution in M-theory. This is obviously a consequence of
eleven dimensional covariance that essentially produces a hidden symmetry from the
IIB point of view.
4.1 M-theory analogue of Non-Commutative Deformation
When the T 3 is chosen to lie completely on the Euclidean M5 world volume, the
new contributions to the field strength originate with the same terms in the Ramond-
Ramond four-form as for the membrane cases considered. For this case, in a simple
diagonal coordinate system, the deformed solution is
ds2γ = (1 + γ
2H−1µ21µ
2
2µ
2
3)
1/3
{
H−1/3
3∑
i=1
dµ2i +H
2/3
(
dr2 + r2dΩ24
)}
+
1
(1 + γ2H−1µ21µ
2
2µ
2
3)
2/3
{
H−1/3
3∑
i=1
µ2idφ
2
i
}
(45)
F (4)γ = F
(4)
0 + γ
√
∆ ⋆8 F
(4)
0
− γ
∑
κ∈{r,µ1,µ2,µ3}
∂κ
H−1µ21µ
2
2µ
2
3
(1 + γ2H−1µ21µ
2
2µ
2
3)
dxκ ∧ dφ1 ∧ dφ2 ∧ dφ3 (46)
12
where
∆φ1φ2φ3 = H
−1µ11µ
2
2µ
2
3 . (47)
The last term contributing to the new eleven dimensional field strength is from the
potential component, which is turned on along the T 3 directions as a result of the
deformation. The other new contribution originates with the non-vanishing Cr˜1θ1θ2
and Cr˜2θ1θ2. These live entirely in the 8 dimensional space perpendicular to the T
3 and
appear in the T 2 reduced IIB theory as non-vanishing Cµνλ. As for the membrane,
this term is obtained by transforming the eleven dimensional fields in such a way that
they reproduce the effect of an SL(2,R) transformation in the IIB theory.
F
(4)
0 → F (4)0 + γ
√
∆ ⋆8 F
(4)
0 (48)
4.2 M-theory analogue of Dipole Deformations on the five brane; type 1
When two U(1)’s along the Brane are used (e.g φ2, φ3) along with one U(1) from the
perpendicular space (e.g θ1), the deformed solution is given by
ds2γ =
1
(1 + γ2µ22µ
2
3r
2r˜1
2)2/3
{
H−1/3
3∑
i=2
µ2idφ
2
i +H
2/3r2r˜1
2dθ21
}
+ (1 + γ2µ22µ
2
3r
2r˜1
2)1/3
{
H−1/3
( 3∑
i=1
dµ2i + µ
2
1dφ
2
1
)
+H2/3
(
dr2 + r2
(
r˜2
2dθ22 +
(1− r˜12)
(1− r˜12 − r˜22)
dr˜1
2
+
(1− r˜12)
(1− r˜12 − r˜22)
dr˜2
2 +
2r˜1r˜2
(1− r˜12 − r˜22)
dr˜1dr˜2
))}
(49)
F (4)γ = F
(4)
0 − γ
∑
κ
∂κ
µ22µ
2
3r
2r˜1
2
(1 + γ2µ22µ
2
3r
2r˜1
2)
dxκ ∧ dφ2 ∧ dφ3 ∧ dθ1 (50)
with κ ∈ {µ2, µ3, r, r˜1}. From this solution, all others choices involving two U(1)’s ON
and one U(1) OFF the five brane world volume can be obtained via a simple change of
label amongst the φi, µi i = 1, 2, 3 and θm, r˜m, m = 1, 2. The lack of additional new
terms (common to all the alternative five brane deformations) is due to the existence
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of only a non-zero Caµν type term in the eleven dimensional solution. This appears
only in T 2 reduced IIB theory as zero-forms and two-forms on the T 2. No new terms
can be generated from these forms.
4.3 M-theory analogue of Dipole Deformations on the five brane; type 2
We now consider deforming the five brane using one world volume U(1) and two
from the transverse space. Unlike previous examples, it now matters whether the S1
reduction and T-duality transformation are performed ON or OFF the brane world
volume. We consider here three choices:
1. S1 reduce along brane w/v and T− dualise along transverse U(1)
2. S1 reduce along transverse space and T− dualise along w/v U(1)
3. S1 reduce and T− dualise along transverse U(1)′s
Each of these choices produces a toroidally compactified IIB solution with different
Neveu-Schwarz Neveu-Schwarz two-forms and Ramond-Ramond two and four-forms.
For the membrane no changes to the eleven dimensional three-form were obtained as
the result of an SL(2,R) transformation on the IIB solutions and it was concluded
that the choice of T-duality and reduction directions were irrelevant from an eleven
dimensional perspective. However, for the five brane this is not the case.
The third in the above list of choices is the easiest to deal with. T-dualising and
S1 reducing both along transverse directions results in the vanishing of all terms in
the IIB theory, which are capable of generating new eleven dimensional field strength
components through an SL(2, R) rotation. We find for T 3 on {ϕ1, θ1, θ2}
B(2)γ = B
(2)
0 = 0
C(2)γ = C
(2)
0 = 0
C(4)γ = C
(4)
0 = 0
(51)
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and this is the same regardless of our choice of S1-reduction and T-duality directions.
The deformed solution obtained using choice 3 on {ϕ1, θ1, θ2} is then
ds2γ =
1
(1 + γ2∆)2/3
(
ds20 + (γ
2∆) ∆−1/6gµνdx
µdxν
)
(52)
F (4)γ = F
(4)
0 − γ
∑
κ
∂κ(Hr
4ρ2s2αr˜
2
1 r˜
2
2)
(1 + γ2Hr4ρ2s2αr˜
2
1 r˜
2
2)
2
dxκ ∧ dφ1 ∧ dφ2 ∧ dθ1 (53)
where κ ∈ {ρ, α, r, r˜1, r˜2} and µ, ν indices span the eight dimensional space. For the
volume of the T 3
∆ = ∆ϕ1θ1θ2 = Hr
4r˜1
2r˜2
2ρ2s2α (54)
and metric components
∆−1/6gµν = Gµν when µ, ν 6= {ϕ2, ψ}
∆−1/6gϕ2ϕ2 = H
−1/3ρ2
(
c2α + s
2
αc
2
βs
2
β
)
∆−1/6gψψ = H
−1/3ρ2
(
1− s2α
(
c2β − s2β
))
∆−1/6gϕ2ψ = 2H
−1/3ρ2
(
2s2αc
2
βs
2
β − c2α
)
.
(55)
For choices 1 and 2, however, there are more changes to be made. Whilst, in
previous examples, the R-R four-form was responsible for newly generated terms, in
these cases it produces no new effects. Instead, changes originate with certain non-
vanishing terms in the NS-NS and R-R two forms of the toroidally compctified IIB
theory.
When the S1 reduction is carried out along a U(1) perpendicular to the brane world
volume (θ2) and the solution is then T-dualised along a U(1) on the world-volume
(ϕ1) the deformation in the IIB solution looks like
B(2)γ = B
(2)
0 + γCθ1θ2µDϕ1 ∧ dxµ
C(2)γ = C
(2)
0
C(4)γ = C
(4)
0 . (56)
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This can be re-interpreted as the following shift in the connection one-form for the
T-dualised U(1) direction
Aϕ10 → Aϕ1γ = Aϕ10 + γCθ1θ2µdxµ . (57)
The effect of choosing the other transverse U(1) of the T 3 (θ1) as the U(1) of the S
1
reduction is the introduction of a negative sign due to the anti-symmetric nature of
the three-form and we get
Aϕ10 → Aϕ1γ = Aϕ10 − γCθ1θ2µdxµ . (58)
When the S1 reduction is carried out along a U(1) on the brane (ϕ1) and the solution is
then T-dualised along a U(1) perpendicular to the world volume (θ1) the deformation
in the IIB solution looks like
B(2)γ = B
(2)
0
C(2)γ = C
(2)
0 − γCθ1θ2µDθ1 ∧ dxµ
C(4)γ = C
(4)
0 . (59)
This can be re-interpreted as the following shift in the connection one-form for the
U(1) of the S1 reduction
Aϕ10 → Aϕ1γ = Aϕ10 + γCθ1θ2µdxµ . (60)
Again, we obtain a minus sign with the additional O(γ) terms when we choose to
T-dualise along the other U(1) (θ2) of the T
3, which is perpendicular to the brane
world volume as follows
Aϕ10 → Aϕ1γ = Aϕ10 − γCθ1θ2µ (61)
Thus, we find a symmetry in the following pairs of solutions
Type A:
S1 Reduction on θ2 with T− Duality along ϕ1
S1 Reduction on ϕ1 with T− Duality along θ1
(62)
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Type B:
S1 Reduction on θ1 with T− Duality along ϕ1
S1 Reduction on ϕ1 with T− Duality along θ2
(63)
with the only difference between the two pairs appearing as a relative minus sign
in the O(γ) correction to the connection one form associated with the world volume
U(1). For all choices involving a T 3 on {ϕ1, θ1, θ2} the deformed field strength is given
by
F (4)γ = F
(4)
0 − γ
∑
κ
∂κ∆
(1 + γ2∆)2
dxκ ∧ dϕ1 ∧ dθ1 ∧ dθ2 (64)
with κ ∈ {ρ, α, r, r˜1, r˜2} and
∆ = ∆ϕ1θ1θ2 = Hρ
2s2αr
4r˜1
2r˜2
2 . (65)
The metric is given by
ds2γ =
1
(1 + γ2∆)2/3
{
ds20 +∆
−1/6(γ2∆)gµνdx
µdxν
+∆1/3Mϕ1ϕ1(δ
ϕ1)2 + 2(−1)P∆1/3Mϕ1ϕ1Dϕ1δϕ
1
}
(66)
where the last term is the only one for which there is a difference between the metrics
produced by the two types of deformation described here. The diference is given by
P = 1 for type A deformations
P = 2 for type B deformations
Common to both types of deformation are
∆−1/6gµν = G
0
µν for µ, ν /∈ {ψ, ϕ2}
∆−1/6gψψ = H
−1/3ρ2
(
1− s2α(c2β − s2β)2
)
∆−1/6gϕ2ϕ2 = H
−1/3ρ2
(
c2α + s
2
αc
2
βs
2
β
)
∆−1/6gψϕ2 = H
−1/3ρ2
(
s2αc
2
β − c2α − c2β(s2β − c2β)
)
.
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The (δϕ1)2 terms, which, along with the new off-diagonal components generated as a
result of the shift in the connection one-form appear in terms of
δϕ1 = Aϕ1γ −Aϕ10
= Aϕ1r˜1 dr˜1 +Aϕ1r˜2 dr˜2
= γCr˜1θ1θ2dr˜1 − γCθ1r˜2θ2dr˜2
=
1
4
γr4(∂rH)
(
r˜1r˜2
2dr˜1 − r˜12r˜2dr˜2
)
, (67)
with
Dϕ1 = dϕ1 + (c2β − s2β)dψ + c2βdϕ2 . (68)
We could, of course, have chosen to use an {ON,OFF,OFF} T 3 involving ϕ2 instead
of ϕ1. The effect of this choice follows trivially from the solution in terms of ϕ1. The
deformed field strength is given by direct exchange of ϕ2 for ϕ1 in components. The
volume of the T 3 changes only by an overall factor determined by the undeformed
metric as follows:
∆ϕ2θ1θ2 =
G0ϕ2ϕ2
G0ϕ1ϕ1
∆ϕ1θ1θ2 . (69)
The changes to the metric are fully contained within the following interchanges
Dϕ1 → Dϕ2
Aϕ1γ → Aϕ2γ
(70)
whilst, as for the ϕ1 choice
Aϕ2γ = Aϕ20 + δϕ2 . (71)
Obviously, as this is a different embedding
Aϕ20 = Aϕ2ψ dψ +Aϕ2ϕ1dϕ1
=
s2αc
2
β − c2α
s2αc
2
β + c
2
α
dψ +Aϕ1ϕ2dϕ1
6= Aϕ10 (72)
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but
δϕ2 = δϕ1 . (73)
The result of these symmetries between the deformed solution is that the r-dependence
of the metric and potential components are the same for all possible choices of defor-
mation after we have specified two pieces of information. Firstly, the type of brane we
are working with and secondly, the number of U(1)’s, which are parallel and transverse
to the brane world volume. The analysis of the near horizon regions can therefore be
carried out for many deformation cases simulataneously.
5 Decoupling
The Supergravity action tells us how to take a sensible decoupling limit. As the only
parameter in eleven dimensional supergravity, the planck length is used to determine
the low energy limit, by taking lp → 0 relative to some fixed energy scale. We then
scale r appropriately so the supergravity action is finite in the low energy limit.
The Bosonic part of the action is
S = S1 + S2 + S3 (74)
=
1
κ211
∫
d11x
{√−g(R− 1
12
| F |2) + 2
(72)2
ǫM1···M11FM1···M4FM5···M8CM9M10M11
}
where the eleven dimensional gravitational coupling is
κ211 ∼ l9p . (75)
5.1 The membrane
For the membrane the decoupling limit is taken by
lp → 0 (76)
with
u1/2 ≡ r
l
3/2
p
= fixed . (77)
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This is the near horizon limit defined by Maldacena. For the undeformed membrane
an AdS4 × S7 near horizon geometry is produced. By comparing the near horizon
of the deformed M2 background with the deformed AdS4 × S7 we can investigate
the relationship between of the deformation process and the near horizon limit. The
three cases where the deformation is performed using a T 3 with one cycle on the
brane world volume and two cycles in the transverse space have ∆ factors with the
same r-dependence They also have the same r-dependence in the non-vanishing C(3)
components. Therefore, their near horizon limits can be analyzed simulataneously.
However, the case with all U(1)’s of the T 3 off the membrane world volume must be
treated seperately. Importantly we shall also need to scale γ so that the deformation
is not washed out by the limit.
The deformed membranes to be considered explicitly are those with T 3 given by
{ϕ1, ϕ2, ϕ3} and {ϕ4, ϕ1, ϕ3}. In both cases, there appear several different r-dependent
combinations in the metric. For {ϕ1, ϕ2, ϕ3} these are
H−2/3(1 + γ2∆123)
1/3, H1/3r2(1 + γ2∆123)
1/3,
H1/3r2
(1 + γ2∆123)2/3
where
∆123 = Hr
6∆′123(α, β, θ) , (78)
with δ′ independent of r. For the {ϕ4, ϕ1, ϕ3} deformation the metric contains
H−2/3
(1 + γ2∆413)2/3
, H2/3(1 + γ2∆413)
1/3,
H1/3r2
(1 + γ2∆413)2/3
, H1/3r2(1 + γ2∆413)
1/3
with
∆413 = ρ
2r4∆′413(α, β, θ) .
Finiteness of the Einstein-Hilbert term requires
ds2
l2p
≡ finite . (79)
For all possible deformations we must scale for γ in such a way as to preserve the
effect of the deformation in the near horizon region. This implies we must keep
(1 + γ2∆) ≡ fixed (80)
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while
H ∼ (2
5π2N)
u3l3p
. (81)
For T 3 given by {ϕ1, ϕ2, ϕ3} we find
γ2Hr6 ≡ fixed (82)
in the near horizon limit. Changing to the new u variable and allowing lp → 0 gives
γ2l6p ≡ finite (83)
and so the deformation parameter is scaled as
γ ∼ γ˜l−3p (84)
where γ˜ is a scale independent deformation parameter. Similarily, for the deformation
involving T 3 on {ϕ4, ϕ1, ϕ3} the scale independent combination must be
γ2r4 ≡ fixed . (85)
In the near horizon limit γ is scaled like
γ ∼ γ˜l−3p . (86)
This particular scaling is common to both types of deformation and it keeps the
Einstein-Hilbert term of the eleven dimensional supergravity action finite in the near
horizon region as required. We must also check that the terms invoving the C field
are also finite in this limit. This is not ensured since the deformation switches on
new values components of C and its associated field strength. since the deformation
paprameter must scale so will the field strength and so we must check the action
remains finite.
From the undeformed membrane
S2 = 1
κ211
∫
d11x
√−g | F (4) |2 (87)
∼ 1
l9p
∫
d11x
√−g︸ ︷︷ ︸
∼l11p
Futρϕ4 g
ttgρρgϕ4ϕ4guu︸ ︷︷ ︸
∼(l−2p )4
Futρϕ4 + · · · (88)
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Looking at the undeformed field strength in the near horizon limit we have
Futρϕ4 =
dr
du
ρ ∂rH
−1
=
l
3/2
p
2
√
u
ρ
1
H2
6(25π2N)l6p
r7
∼
lp→0
l3p
[ 3ρu2
(25π2N)
]
(89)
where the factor in brackets is fixed in the near horizon limit. This lp dependence is
just the one required to ensure the action is finite in the decoupling limit provided.
For deformation on T 3 given by {ϕ1, ϕ2, ϕ3} non-zero Fκϕ1ϕ2ϕ3 is generated. These
components have two possible r-dependencies. When κ = r we get
Frϕ1ϕ2ϕ3 = −
γ (6r5)∆′123(α, β, θ)
(1 + γ2Hr6∆′123(α, β, θ))
2
. (90)
In the near horizon limit, the denominator is fixed and we see
Fuϕ1ϕ2ϕ3
∼
lp→0
l6p
[ −3γ˜∆′123u2
(1 + γ˜2(25π2N)∆′123)
2
]
. (91)
Since only contributions to the field strength, which are finite in units of l3p affect
the near horizon region the effects of Fuϕ1ϕ2ϕ3 vanishes there. Alternatively, when
κ ∈ {α, β, θ}
Fκϕ1ϕ2ϕ3 =
−γHr6∂κ∆′123
(1 + γ2∆123)2
(92)
which scales like
γHr6 ∼
lp→0
l3p
[
γ˜(25π2N)
]
(93)
as required for it to remain present in the near horizon limit. Another contribution
to the action comes from
S2 = · · ·+ 1
κ211
∫
d11x
√−gFαβθψgααgββgθθgψψ Fαβθψ (94)
where Fαβθψ is one of the components of the field generated in the Ramond-Ramond
four-form of IIB when we performed an SL(2,R) transformation. It was found to be
Fαβθψdα ∧ dβ ∧ dθ ∧ dψ = γ
√
∆123 ⋆8 F
(4)
0 (95)
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where F
(4)
0 is the field strength for the undeformed M2 and the hodge star is in eight
dimensions. The symmetry in the appearence of Futρϕ4 and Fαβθψ indicates that to
keep the Fαβθψ we require the same near horizon scalings
F
(4)
0 ∼ γ
√
∆123 ⋆8 F
(4)
0 ∼ l3p (96)
The eight dimensional hodge star involves the square root of the determinant of the
eight dimensional metric along with the product of four inverse metrics. As a con-
sequence of the finiteness of the Hilbert term in the action, the latter contributes a
total of (lp)
−8 while the former contributes (lp)
8. At the same time
√
∆123
∼
lp→0
l3p
[
(25π2N)1/2
√
∆′123
]
(97)
This combines with the γ factor to produce a scale independent quantity giving in
the near horizon
γ
√
∆123︸ ︷︷ ︸
l0p
√
| g8 | guugttgρρgϕ4ϕ4︸ ︷︷ ︸
l0p
∼ l0p (98)
and thus
S2 = 1
2κ211
∫
d11x
√−g | F (4) | (99)
is finite in the near horizon limit for
lp → 0
u = fixed
γ ∼ γ˜ l−3p . (100)
Having defined a consistent near horizon limit with finite action for which the defor-
mation is preserved we now present the solutions. The γ-deformed membrane (with
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the T 3 in the transverse space) in the near horizon is
ds2γ = l
2
p
[
(1 + γ˜2(25π2N)∆′123)
1/3
{ u2
(25π2N)2/3
(−dt2 + dρ2 + ρ2dϕ24)
+(25π2N)1/3
(du2
4u2
+ dθ2 + s2θ(dα
2 + s2αdβ
2)
)}
+
(25π2N)1/3
(1 + γ˜2(25π2N)∆′123)
2/3
{
s2θs
2
αdϕ
2
1 + s
2
θ(s
2
αc
2
β + c
2
α)dϕ
2
2
+(c2θ + s
2
θc
2
α)dϕ
2
3 − 2c2βs2θs2αdϕ1dϕ2
+2s2θc
2
αdϕ2dϕ3 + 2s
2
αs
2
θ(s
2
β − c2β)dϕ1dψ
+2s2θ(s
2
αc
2
β − c2α)dϕ2dψ + 2(c2θ − s2θc2α)dϕ3dψ
+
(
1 + γ˜2(25π2N)f1∆
′
123
)
dψ2
}]
(101)
with
F (4)γ = l
3
p
[
3ρu2
(25π2N)
du ∧ dt ∧ dρ ∧ dϕ4
+6(25π2N)γ˜
√
∆′123s
2
θsα dα ∧ dβ ∧ dθ ∧ dψ
−
∑
i∈{α,β,θ}
γ˜(25π2N)∂i∆
′
123
(1 + γ˜2(25π2N)∆′123)
2
dxi ∧ dϕ1 ∧ dϕ2 ∧ dϕ3
]
(102)
The near horizon region of the undeformed membrane is
ds2 = ds2AdS4(
1
2
L) + dΩ27(L) (103)
where
L2 = l2p(2
5π2N)1/3 (104)
To see the effect of the deformation, the near horizon solution can be expressed in
terms of the undeformed near horizon solution
ds2γ = (1 + γ˜
2(25π2N)∆′123)
1/3ds2AdS4(
1
2
L) +
1
(1 + γ˜2(25π2N)∆′123)
2/3
dΩ27(L)
+ γ˜2
l2p(2
5π2N)4/3∆′123
(1 + γ˜2(25π2N)∆′123)
2/3
{
dθ2 + s2θ(dα
2 + s2αdβ
2) + fdψ2
}
(105)
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While the field strength for the undeformed brane in the near horizon limit is
F
(4)
0 ∼ l3p
3ρu2
(25π2N)
du ∧ dt ∧ dρ ∧ dϕ4 . (106)
This is also the solution which is obtained when one starts with the membrane
and takes the near horizon solution first and then performs a deformation of that
solution. The deformation process and decoupling limit therefore commute. It is not
clear whether this is inevitable. This result continues to hold true for the dipole-type
deformations of the membrane. For completeness an example solution is included in
Appendix B.
5.2 The M5 Brane
The near horizon limit of the M5 brane is found by taking
lp → 0 (107)
with
u2 ≡ r
l3p
= fixed . (108)
This limit allows us to explore the near horizon region while keeping the energies on
the brane world volume fixed. As for the membrane, finiteness of the Einstein-Hilbert
term requires ds2 to be finite in units of the planck length squared. We also wish to
preserve the deformation in the near horizon limit. Appearing in the deformed metric
are terms like
H−1/3(1 + γ2∆), H2/3(1 + γ2∆)1/3dr2, H2/3(1 + γ2∆)1/3r2, H−1/3(1 + γ2∆)−2/3 .
(109)
As for the membrane, the only condition that must be satisfied to ensure the Einstein-
Hilbert term is finite in the near horizon limit is
1 + γ2∆ = fixed . (110)
Every possible deformation scenario leads to a scaling of the deformation parameter
like
γ ∼ γ˜ l−3p . (111)
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The non-vanishing field strength components then scale like the planck length cubed as
for the membrane and as required for a finite supergravity action. Firstly, we present
the five brane analogue of the non-commutative deformation in the decoupling limit.
Again for simplicity we work with the magnitudes and polar angles of the complexified
coordinate system.
ds2γ = l
2
p
{
(1 + γ˜2(
u6
Nπ
)µ21µ
2
2µ
2
3)
1/3
( u2
(Nπ)1/3
3∑
i=1
dµ2i + 4
(Nπ)2/3
u2
du2 + (Nπ)2/3dΩ24
)
+
1
(1 + γ˜2(u6/Nπ)µ21µ
2
2µ
2
3)
2/3
u2
(Nπ)1/3
µ2idφ
2
i
}
. (112)
All terms within the four form remain in the decoupling limit. We find that
F
(4)
0 = −3l3pr˜1r˜2(Nπ)dr˜1 ∧ dθ1 ∧ dr˜2 ∧ dθ2 (113)
whilst the terms originating with the three-form potential turned on along the T 3 can
depend on r in one of two possible ways, both of which scale in such a way that the
resultant field strenght components are finite in units of l3p in the near horizon. That
is:
F γuφ1φ2φ3 = ∂uH
−1 ∼ l3p
F γκφ1φ2φ3 = H
−1 ∼ l3p
for κ ∈ {µ1, µ2, µ3}. At the same time, the term generated via the deformation
procedure as a result of non-vanishing Cµνλ in the IIB solution is
γ
√
∆ ⋆8 F
(4)
0
which scales in the same way as F
(4)
0 in the decouling limit since the terms involved
scale like
γ
√
H−1 ∼ l0p
and √
|detg(8)|Gr˜1r˜1Gθ1θ1Gr˜2r˜2Gθ2θ2 ∼ l0p
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giving
γ
√
∆ ⋆8 F
(4)
0 ∼ F (4)0 (114)
which is finite in units of l3p. For the membrane analogue of the dipole deformations
of type I using T 3 on {φ2, φ3, θ1}the decoupling limit gives
ds2γ = l
2
p
{
1
(1 + γ˜2u4r˜21µ
2
2µ
2
3)
2/3
( u2
(Nπ)1/3
3∑
i=2
µ2idφ
2
i + (Nπ)
2/3r˜21dθ
2
1
)
+(1 + γ˜2u4r˜21µ
2
2µ
2
3)
1/3
(
u2
(Nπ)1/3
( 3∑
i=1
dµ2i + µ
2
1dφ
2
1
)
+ 4
(Nπ)2/3
u2
du2 (115)
+(Nπ)2/3
(
r˜22dθ
2
2 +
(1− r˜22)
(1− r˜21 − r˜22)
dr˜21 +
(1− r˜1)
(1− r˜21 − r˜22)
dr˜22 +
2r˜1r˜2
(1− r˜21 − r˜22)
))}
F (4)γ = l
3
p
{
− 3r˜1r˜2(Nπ)dr˜1 ∧ dθ1 ∧ dr˜2 ∧ dθ2
− γ˜
(1 + γ˜2r˜21u
4µ22µ
2
3)
2
(
4u3r˜21µ
2
2µ
2
3du ∧ dφ2 ∧ dφ3 ∧ dθ1
+u4
∑
κ
∂κ(r˜
2
1µ
2
2µ
2
3)dx
κ ∧ dφ2 ∧ dφ3 ∧ dθ1
)}
(116)
with κ ∈ {r˜1, µ2, µ3}. For the five brane dipole deformations of type II we have for all
choices of reduction and T-duality
F (4)γ = F
(4)
0 − γ
∑
κ
∂κ∆
(1 + γ2∆)2
dxκ ∧ dϕ1 ∧ dθ1 ∧ dθ2
∼ −l3p
{
3(Nπ)r˜21 r˜
2
2dr˜1 ∧ dθ1 ∧ dr˜2 ∧ dθ2
+
γ˜
(1 + γ˜2u2(Nπ)∆′)2
(
2(Nπ)ur˜21 r˜
2
2ρ
2s2αdu ∧ dϕ1 ∧ dθ1 ∧ dθ2
+ u2(Nπ)
∑
m
∂κ∆
′dxκ ∧ dϕ1 ∧ dθ1 ∧ dθ2
)}
(117)
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for m ∈ {ρ, α, r˜1, r˜2}. For the metric we have already seen
ds2γ =
1
(1 + γ2∆)2/3
{ (1)︷︸︸︷
ds20 +
(2)︷ ︸︸ ︷
∆−1/6(γ2∆)gµνdx
µdxν
+∆1/3Mϕ1ϕ1(δ
ϕ1)2︸ ︷︷ ︸
(3)
+2(−1)P∆1/3Mϕ1ϕ1Dϕ1δϕ1︸ ︷︷ ︸
(4)
}
. (118)
Given that the scaling of γ was chosen in such a way as to preserve the deformation
in the near horizon limit
γ2∆ ∼ l0p .
The form in which this deformed metric has been presented allows us to quickly
identify the troublesome terms by separating them out from the well behaved, familiar,
terms of the undeformed metric. Namely for term (1) we have
ds20 ∼ l2p
as required. From term (2), after identifying the scale independent (γ2∆) we see the
familiar terms
∆−1/6gµνdx
µdxν ∼ l2p
Thus (2) scales in such a way that the action remains finite as the decoupling limit is
taken. After we have identified the undeformed metric term
∆1/3Mϕ1ϕ1 ∼ l2p
we see that terms (3) and (4) will scale like (δϕ1)2 and (δϕ1) respectively, whilst, as
the eleven dimensional planck length is taken to zero δϕ
1
scales like
− (3Nπ
4
)γ˜ r˜1r˜2
(
r˜2dr˜1 − r˜1dr˜2
)
(119)
which produces the correct scaling of the metric in the near horizon limit.
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6 Probe branes
When searching for supersymmetric configurations, a good place to start is with the
zeros of the potential from the probe brane sigma model. This is also related to
calculating the action of Wilson surfaces in the dual theory. The probe membrane
action is given by:
Sσ =
∫
d3ξ
{√
|det∂x
m
∂xi
∂xn
∂xj
gmn| − 1
6
εijk
∂xm
∂xi
∂xn
∂xj
∂xp
∂xk
Cmnp
}
. (120)
We first orient the probe brane to be parallel to the original brane stack. Then,
after choosing static or Monge gauge we look for brane configurations that minimise
the potential energy of the brane. This gives the following possiblities for each type
of deformation. The potential vanishes for
T 3 on {ϕ1, ϕ2, ϕ3} → α = 0, or θ = 0
T 3 on {ϕ4, ϕ1, ϕ2} → α = 0, or θ = 0
T 3 on {ϕ4, ϕ1, ϕ3} → α = 0, or θ = 0
T 3 on {ϕ4, ϕ2, ϕ3} → θ = 0 only
The supersymmetric locus for the membrane deformed on {ϕ4, ϕ2, ϕ3} is zero dimen-
sional unlike each of the other three cases. The particular T 3 embedding chosen has
physical consequences.
For the five-brane, when the deformation has C(3) vanishing on the world volume,
we can take the simple σ-model
Sσ =
∫
d6x
{√
|det∂x
m
∂xi
∂xn
∂xj
gmn| − f ∗(C(6))
}
(121)
where f ∗ is the pull back operation. Again, loooking for the vanishing of the sigma
model potential after orienting the probe along the original stack reveals that the
condition for minimising the potential is equivalent to the vanishing of the functions
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∆ϕiϕjϕk given below:
∆ϕ1ϕ2θ1 = r
2r˜21ρ
4s2α
(
c2α +
1
4
s2αs
2
2β
)
∆ϕ1ϕ2θ2 = r
2r˜22ρ
4s2α
(
c2α +
1
4
s2αs
2
2β
)
∆ϕ1θ1θ2 = Hρ
2r4r˜21 r˜
2
2s
2
α
∆ϕ2θ1θ2 = Hρ
2r4r˜21 r˜
2
2
(
c2α + s
2
αc
2
β) .
As α, β ∈ (0, pi
2
), deformations on the first three T 3’s listed leave only the point α = 0
in the supersymmetric locus. However, for T 3 on {ϕ2, θ1, θ2} there exist configurations,
which are supersymmetric for α = 0 with any value of β or β = 0 with any value of
α.
7 Black Branes, γ-Deformations and Entropy
We now consider non-extremal versions of thes deformed solutions. That is we will
thermalise the deformed branes and analyse their thermodynamics. The Bekenstein-
Hawking Entropy of the non-extremal deformed solutions is given by [21]:
SBH =
1
4
∫ √
detg′ijd
9x (122)
where the prime indicates that it is the reduced determinant. That is the determi-
nent taken over the nine-dimensional block of the metric where temporal and radial
components are neglected.
We will examine the effects of the deformation on the black brane entropy for the
various types of deformation.
Following, [21], we thermalise the deformed branes with the introduction of the
following factor and its reciprocal into the temporal and radial components of the
metric as follows:
Gtt → (1− r0
rc
)Gtt
Grr → (1− r0
rc
)−1Grr
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where c is the power of r appearing in the brane harmonic function (this is obviously
dependent on the dimension of the brane. (One must also change the definition on
the brane charge [21]). As with the study of Probe branes and supersymmetry, the
particular embedding of the T 3 is important in this analysis.
For a T 3 trivially fibred over an 8 dimensional manifold, the metric may be placed
in block diagonal form (with one 3 × 3 block describing the T 3 and the 8 × 8 block
describing the perpendicular space). The T 3 volume is warped homogenously by the
deformation as is the eight dimensional space. This occurrs in such a way as to
cancel the effect of the warping on the determinant of the reduced metric used in the
Bekenstein-Hawking formula. The deformed metric, G
(γ)
MN may be written in terms of
the nondeformed metric G
(0)
MN as follows:
G
(γ)
MN =
(
(1 + γ2∆)−2/3G
(0)
ab 0
0 (1 + γ2∆)1/3G
(0)
µν
)
(123)
where a, b = 1, 2, 3, µ, ν = 4 · · ·10. This being the only change, the multiplicative
factors can be pulled outside to produce an overall multiplicative factor in the deter-
minant. Specifically, calculating the reduced determinant for the Bekenstein-Hawking
Entropy gives
det′G
(γ)
MN = [(1 + γ
2∆)−2/3]3 × [(1 + γ2∆)1/3]11−3−2 × det′G(0)MN (124)
And so for the M-theory analogues (where they apply) of the Non-Commutative,
Dipole and γ-deformations of the Membrane
det′G
(γ)
MN = det
′G
(0)
MN (125)
and therefore
S
(γ)
BH = S
(0)
BH . (126)
Thus in fact there is no change in entropy. The deformed brane has the same
entropy as the undeformed brane.6
6This is provided that the temporal direction is not included in the deformation procedure (which
not always the case for our the five-brane).
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This invariance of the entropy under the deformation procedure for trivial em-
beddings is a consequence of the properties of this specific deformation in eleven
dimensions. It is not the case for the analagous deformation of a ten dimensional
Supergravity theory using a U(1)× U(1) background isometry.
This is quite unusual, since the deformation will introduce an interaction in the
dual description and so one would imagine that the entropy of the theory would
change. It is possible that this is a consequence of the large N limit, since the super-
gravity description is only good at large N. Perhaps it is possible that the deformations
of the theory are somehow subleading at large N but this seems unlikey. The original
Lunin Maldaence deformation corresponding to the beta deformed theory certianly
had large N implications. Also, the solution is deformed, only the reduced determinant
(which is relevent for the entropy) is invariant.
Of the deformations of these eleven dimensional backgrounds with trivial T 3 fi-
bration, there is however one special example not sharing this cancellation. The
“Non-Commutative” deformation of the five-brane world-volume produces a metric
with a reduced determinant that retains a remnant of the deformation procedure.
The simplicity of the general cases of deformation of trivial fibrations and the
observed invariance of the Bekenstein-Hawking entropy is in marked contrast to the
effect of the deformation involving the choice of a non-trivial T 3 embedding. Geo-
metrically along with the T 3 expansion/contraction, the eight dimensional base in
these cases experiences a form of shearing. The deformation takes effect in a highly
inhomogeneous manner. The result of this is the appearence of additional additive
terms within the determinant of the metric. These are the source of changes in the
Bekenstein-Hawking Entropy. As an example we consider the deformation of the
membrane on {ϕ1, ϕ2, ϕ3} where√
|det′G(γ)MN | =
1
(1 + γ2∆123)1/2
√
|det′G(0)MN + γ2ρ2r8s4θs2α∆2123f1| (127)
A numerical evaluation was attempted but as yet, an explicit solution has not pre-
sented itself. For the deformations involving T 3’s with one-cycles both on and off
the membrane world volume, the changes in the reduced determinant are far more
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compilcated. for each of these cases we have in general√
|det′G(γ)MN | =
1
(1 + γ2∆)
√
|det′G(0)MN +O(γ2) +O(γ4)| (128)
Along with the larger power of the deformation pre-factor in the denominator, there
are far more terms at O(γ2) inside the square root. The more complicated the em-
bedding, the more no-trivial the functions making an appearance here. The O(γ4)
are a new feature in the reduced determinant for the “dipole” type deformations of
the membrane. For deformation on {ϕ4, ϕ1, ϕ2}
det′G
(γ)
MN =
1
(1 + γ2∆412)
{
det′G
(0)
MN
+ γ2
[
(ρ2r6s4θs
2
α∆
2
412)
(
g1G
(0)
ϕ3ϕ3
+ g2G
(0)
ψψ − 2g3G(0)ϕ3ψ
)]
+ γ4
[
H1/3(r2∆412)
2r6ρ2s4θs
2
α
(
g1g2 − g23
)
∆412
]}
(129)
8 Conclusions
This paper has explored the result of applying the M-theory deformation process to
branes. In particular, we have seen how to generate families of solutions beginning
with the usual membrane and five-brane solutions. The deformed solutions have a
well defined decoupling limit where the deformation is scaled so as to survive the
decoupling limit. Importantly, the deformation process is shown to commute with
taking decoupling limit.
The properties of these solutions were investigated. Perhaps the most intruiging
result is that the entropy of a class of deformed branes is the same as that of the
undeformed branes despite the deformed theory having different amounts of super-
symmetry and new interactions.
Let us consider the membrane. From the dual theory perspective this is a statment
that there is for N=8, 2+1 dimensional Yang-Mills theory in the large N limit, at
strong coupling there is a deformation that breaks supersymmetry and yet preserves
the entropy of the theory.
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There are also some deeper questions about M-theory geometry. We know from
other work how the so called “open string” metric is an invariant under a similar de-
formation process [22]. Later it was show that one could form the equivalent invariant
metric for M-theory [23]. It would be interesting to see if one could form a similar
invariant combination of metric and C-field that captures the class of the solution
and is invariant under the deformation process. This is similar in spirit to the gener-
alised geometry prgram where T-dualities are just diffeomorphisms of a more general
geometry of bigger space. Perhaps the entropy invariance mentioned above is a sign
of such a deeper symmetry.
One future possibility would be to look at G2 manifolds which have interesting
phenomenological possibilities and study the deformations of these. This may al-
low the introduction of a new scale (coming from the deformation) that may allow
additional decoupling.
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A “Dipole” deformations of the membrane
A.1 T 3 on {ϕ4, ϕ1, ϕ2}
The deformed M2 using T 3 given by {ϕ4, ϕ1, ϕ2} is 7
7
cscθ = cosec[θ], secθ = sec[θ] (130)
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ds2γ = (1 + γ
2∆412)
1/3
{
H−2/3
(
− dt2 + dρ2
)
+H1/3
(
dr2
+r2(dθ2 + s2θ(dα
2 + s2αdβ
2))
)}
+
1
(1 + γ2∆412)2/3
{
H−2/3ρ2dϕ24 +H
1/3r2
(
s2θs
2
αdϕ
2
1 + s
2
θ(s
2
αc
2
β + c
2
α)dϕ
2
2
−22βs2θs2αdϕ1dϕ2 + 22αs2θ(s2β − c2β)dϕ1dψ
+22θ(s
2
αc
2
β − c2α)dϕ2dψ + 22θc2αdϕ2dϕ3
)}
+
H1/3r2
(1 + γ2∆412)2/3
{(
1 + γ2∆412 g1(α, β, θ)
)
dψ2
+
(
(c2θ + s
2
θc
2
α) + γ
2∆412 g2(α, β, θ)
)
dϕ23
+
(
(c2θ − s2θc2α) +
1
2
γ2∆412 g3(α, β, θ)
)
dψdϕ3
}
(131)
F (4)γ = F
(4)
0 − ∂κ
[ γ∆412
(1 + γ2∆412)
]
dxκ ∧ dϕ24 ∧ dϕ21 ∧ dϕ22 (132)
where κ ∈ {ρ, r, α, β, θ} and
∆412 = ρ
2r4
(
s4θs
2
α
(
s2αc
2
β + c
2
α
)− s4θc4βs4α) (133)
with
g1(α, β, θ) =
16c2α(1− (c2α + c4βs2α)s2θ
(9 + 7c2α − 2c4βs2α)
g2(α, β, θ) = c
2
θ +
s2θ
4csc2α csc
2
2β + sec
2
α
g3(α, β, θ) = 2c
2
θ −
c2α(3 + c2β)s
2
αs
2
βs
2
θ
(c2α + c
2
βs
2
αs
2
β)
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A.2 T 3 on {ϕ4, ϕ1, ϕ3}
The deformed M2 using T 3 with {ϕ4, ϕ1, ϕ3} is
ds2 = (1 + γ2∆413)
1/3
{
H−2/3
(
− dt2 + dρ2
)
+H1/3
(
dr2
+r2(dθ2 + s2θ(dα
2 + s2αdβ
2))
)}
+
1
(1 + γ2∆413)2/3
{
H−2/3ρ2dϕ24 +H
1/3r2
(
s2θs
2
αdϕ
2
1
+(c2θ + s
2
θc
2
α)dϕ
2
3 + s
2
αs
2
θ(s
2
β − c2β)dϕ1dψ
+(c2θ − s2θc2α)dϕ3dψ − c2βs2θs2αdϕ1dϕ2
+s2θc
2
αdϕ2dϕ3
)}
+
H1/3r2
(1 + γ2∆413)2/3
{(
s2θ(s
2
αc
2
β + c
2
α) + γ
2∆413 h1(α, β, θ)
)
dϕ22
+
(
1 + γ2∆413 h2(α, β, θ)
)
dψ2
+
(
s2θ(s
2
αc
2
β − c2α) + γ2∆413 h3(α, β, θ)
)
dϕ2dψ
}
(134)
F (4)γ = F
(4)
0 − ∂κ
[ γ∆412
(1 + γ2∆413)
]
dxκ ∧ dϕ4 ∧ dϕ1 ∧ dϕ3 (135)
for κ ∈ {ρ, r, α, β, θ} with
∆413 = ρ
2r4
(
s2αs
2
θ(c
2
θ + c
2
αs
2
θ)
)
(136)
and
h1(α, β, θ) = c
2
θ + c
2
βs
2
αs
2
βs
2
θ −
c4θ
(c2θ + c
2
αs
2
θ)
h2(α, β, θ) = 1 + 3c
2
θ − (c2α + c22βs2α)s2θ −
4c4θ
(c2θ + c
2
αs
2
θ)
h3(α, β, θ) = c
2
βs
2
αs
2
βs
2
θ −
1
(csc2θsec
2
α + sec
2
θ)
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A.3 T 3 on {ϕ4, ϕ2, ϕ3}
The deformed M2 using T 3 with {ϕ4, ϕ2, ϕ3} is
ds2 = (1 + γ2∆423)
1/3
{
H−2/3
(
− dt2 + dρ2
)
+H1/3
(
dr2
+r2(dθ2 + s2θ(dα
2 + s2αdβ
2))
)}
+
1
(1 + γ2∆423)2/3
{
H−2/3ρ2dϕ24 +H
1/3r2
(
+(c2θ + s
2
θc
2
α)dϕ
2
3 + s
2
θ(s
2
αc
2
β + c
2
α)dϕ
2
2
+s2θc
2
αdϕ2dϕ3 + s
2
θ(s
2
αc
2
β − c2α)dϕ2dψ
+(c2θ − s2θc2α)dϕ3dψ
)}
+
H1/3r2
(1 + γ2∆423)2/3
{(
1 + γ2∆423h1(α, β, θ)
)
dψ2
+
(
s2θs
2
α + γ
2∆423h2(α, β, θ)
)
dϕ21
+
(
s2αs
2
θ(s
2
β − c2β) + γ2∆423 h3(α, β, θ)
)
dϕ1dψ
}
(137)
F (4)γ = F
(4)
0 − γ∂κ
[ ∆423
(1 + γ2∆423)
]
dxκ ∧ dϕ4 ∧ dϕ3 ∧ dϕ2 (138)
where
∆423 = ρ
2r4(s2θ(s
2
αc
2
β + c
2
α)(c
2
θ + s
2
θc
2
α)− s4θc4α) (139)
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and
h1(α, β, θ) =
s2θc
2
βc
2
θs
2
α(1− c2βs2α)
(c2βc
2
θs
2
α + c
2
α(c
2
θ + c
2
βs
2
θs
2
α))
+
s2θ
(
c2α(c
2
θ + c
2
βs
2
α(4 + 3c2θ − c2βs2αs2θ))− c4α(c2θ + c2βs2αs2θ)
)
(c2βc
2
θs
2
α + c
2
α(c
2
θ + c
2
βs
2
θs
2
α))
h2(α, β, θ) =
s2θc
2
θ
(
− c6α − c4α(−4 + 3c2β)s2α − c2αc2β(−4 + 3c2β)s4α + c4βs6αs2β
)
((2c2α + c
2
βs
2
α)
2(c2θ + c
2
αs
2
θ))
+
s2θc
2
θ
(
c2αs
2
α(−c4α(−4 + c2β)− c2αc2β(−3 + c2β)s2α + c4βs4αs2β)
)
((2c2α + c
2
βs
2
α)
2(c2θ + c
2
αs
2
θ))
h3(α, β, θ) =
s2θc
2
θ(−4c4α − c2α(1 + 5c2β)s2α + 2c2βs4αs2β)
2(2c2α + c
2
βs
2
α)(c
2
θ + c
2
αs
2
θ)
+
s2θc
2
αs
2
α(c
2
α(1− 3c2β) + 2c2βs2αs2β)s2θ)
2(2c2α + c
2
βs
2
α)(c
2
θ + c
2
αs
2
θ)
(140)
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B Near Horizon region for Membrane deformed on {ϕ4, ϕ1, ϕ3}
For T 3 given by {ϕ4, ϕ1, ϕ3} the near horizon solution is
ds2 ∼
lp→0
l2p
[
(1 + γ˜2ρ2u2∆′413)
1/3
(
u2
(24π2N)2/3
(
− dt2 + dρ2
)
+ (25π2N)1/3
(
du2
4u2
+
(
dθ2 + s2θ(dα
2 + s2αdβ
2)
)))
+
1
(1 + γ˜2ρ2u2∆′413)
2/3
(
u2
(25π2N)2/3
ρ2dϕ24 + (2
5π2N)1/3
(
s2θs
2
αdϕ
2
1 + (c
2
θ + s
2
θc
2
α)dϕ
2
3
+2s2αs
2
θ(s
2
β − c2β)dϕ1dψ + 2(c2θ − s2θc2α)dϕ3dψ
−2c2βs2θs2αdϕ1dϕ2 + 2s2θc2αdϕ2dϕ3
))
+
(25π2N)1/3
(1 + γ˜2ρ2u2∆′413)
2/3
((
s2θ(s
2
αc
2
β + c
2
α) + γ˜
2ρ2u2∆′413 h1
)
dϕ22
+
(
1 + γ˜2ρ2u2∆′413 h2
)
dψ2
+2
(
s2θ(s
2
αc
2
β − c2α) + γ˜2ρ2u2∆′413 h3
)
dϕ2dψ
)]
F (4)γ
∼
lp→0
l3p
[
3ρu2
25π2N
du ∧ dt ∧ dρ ∧ dϕ4 − γ˜
(1 + γ˜2ρ2u2∆′413)
2
(
2uρ2∆′413 du ∧ dϕ4 ∧ dϕ1 ∧ dϕ3
+
∑
i∈{ρα,θ}
u2∂i(ρ
2∆′413)dx
i ∧ dϕ4 ∧ dϕ1 ∧ dϕ3
)]
(141)
Unlike the deformation using a T 3 embedded entirely in the transverse space, the
Fuϕ4ϕ1ϕ3 does not vanish in the decoupling limit.
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